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ABSTRACT
Essentially all stars form in giant molecular clouds (GMCs). However, inside GMCs, most of the gas does
not participate in star formation; rather, denser gas accumulates in clumps in the GMC, with the bulk of the
stars in a given GMC forming in a few of the most massive clumps. In the Milky Way, these clumps have
masses Mcl . 5× 10−2 of the GMC, radii rcl ∼ 1pc, and free-fall times τcl ∼ 2× 105 yr. We show that clumps
inside giant molecular clouds should accrete at a modified Bondi accretion rate, which depends on clump mass
as M˙cl ∼ M5/4cl . This rate is initially rather slow, usually slower than the initial star formation rate inside the
clump (we adopt the common assumption that inside the clump, M˙∗ = ǫffMcl/τcl , with ǫff ≈ 0.017). However,
after ∼ 2 GMC free-fall times τGMC, the clump accretion rate accelerates rapidly; formally, the clump can
accrete the entire GMC in ∼ 3τGMC. At the same time, the star formation rate accelerates, tracking the Bondi
accretion rate. If the GMC is disrupted by feedback from the largest clump, half the stars in that clump form in
the final τGMC before the GMC is disrupted. The theory predicts that the distribution of effective star formation
rates, measured per GMC free-fall time, is broad, ranging from ∼ 0.001 up to 0.1 or larger and that the mass
spectrum of star clusters is flatter than that of clumps, consistent with observations.
Subject headings: galaxies:ISM—galaxies: star clusters: general—ISM:clouds—stars: formation—turbulence
1. INTRODUCTION
The star formation rate (SFR) is a fundamental parameter of
disk galaxies. It is well characterized on galactic disk scales
by the Kennicutt-Schmidt relations (Kennicutt 1989, 1998).
These relations come in two forms. The first form is that of a
correlation between the surface density of star formation Σ˙∗
(in solar masses per year or grams per second) and that of gas,
Σgas,
Σ˙∗ = AΣαgas, (1)
with α≈ 1.4. The second form relates Σ˙∗ to the surface den-
sity of gas via the disk dynamical time Ω = vc/Rd,
Σ˙∗ = ηΩΣgas, (2)
where Rd is the disk radius and vc is the circular velocity
of the galaxy. The dimensionless parameter has an observa-
tionally determined value η ≈ 0.017. More recent work has
refined these relations, particularly at low surface densities
(Leroy et al. 2008; Bigiel et al. 2008), but in galaxies where
the bulk of the gas is molecular, Equations (1) and (2) remain
valid.
There are numerous theoretical explanations of these re-
lations, relying on very different physics, including sup-
port by magnetic fields (Mouschovias 1976; Shu 1983), sup-
pression of collapse by supersonic turbulence (Padoan 1995;
Krumholz & McKee 2005), energy feedback from stars and
supernovae, and momentum feedback from massive stars
(Murray et al. 2010). Which of these explanations is correct,
if any, is currently still under debate.
Other work has focused on relating the rate of star for-
mation to gas surface or volume density on sub-disk scales,
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ranging from ∼ 1kpc (Schruba et al. 2010) in nearby galax-
ies, to ∼ 100pc in the Milky Way (Mooney & Solomon
1988; Mead et al. 1990; Evans 1991; Lada et al. 2010; Murray
2011). These studies find relations similar in form to Equation
(2). The mean value of the coefficient, averaged over many ar-
eas or star forming regions, is consistent with the global value
η ≈ 0.017. However, the dispersion of η appears to vary with
the scale on which the star formation is probed: measured
values ranges from η < 10−3 to η ≈ 0.5 – ranging almost four
orders in magnitude.
It is well established that not all the gas in a galaxy par-
ticipates in star formation; star formation takes place only in
molecular gas, (e.g. Schruba et al. 2011). Further, even inside
a giant molecular cloud (GMC), not all the gas participates;
rather, stars form primarily in high density gas, often in the
form of “clumps” and filaments (e.g. Molinari et al. 2010).
Another way to see this is that star formation rates scale non-
linearly with CO luminosity, which traces rather low density
gas, while they scale linearly with HCN, which traces high
density gas (Gao & Solomon 2004). In local spirals like the
Milky Way, the fraction of HCN gas relative to molecular (CO
emitting) gas is roughly several to ten percent (e.g Wu et al.
2010).
In this paper we present a simple theory for the rate of
star formation in GMCs, in which gravity plays the domi-
nant role. We assume that the gas in a GMC is turbulently
supported, i.e., the GMC is in rough virial equilibrium. The
turbulence seeds the cloud with parsec scale clumps hav-
ing masses δ ≡ Mcl/MGMC ≈ 10−3; Wu et al. (2010) refer to
these objects as “massive dense clumps”. These clumps then
grow by accretion. While feedback from one or two of the
most massive clumps eventually overcomes gravity and dis-
rupts the GMC hosting the star formation (see for instance,
Murray et al. 2010; Murray 2011), we ignore the effects of
feedback. We argue that the feedback affects the accretion
only in the last stages of clump growth; both the clump accre-
tion and star formation rate accelerate rapidly, and hence so
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do the effects of feedback.
By analogy with Equation (2), we define the effective GMC
star formation efficiency per free-fall time as
ηff,G ≡ τGMC M˙∗MGMC , (3)
where τGMC is the free-fall time of the GMC. Our gravity-
dominated theory of star formation in GMCs predicts that ηff,G
is a strong function of time; it is small immediately after the
GMC is assembled and for a substantial fraction of a GMC
free-fall time, but then increases rapidly; we show that this
explains the large dispersion of η on small scales referred to
above.
This paper is organized as follows. In §2 we describe ac-
cretion onto massive clumps in GMCs; the mass accretion rate
accelerates as a clump grows. We show that the star forma-
tion rate in the clump tends to track the mass accretion rate. It
follows that ηff,G is time dependent, even if the star formation
rate per free fall time (ǫff, defined in Equation (5) below) is
constant for the parsec scale clumps of molecular gas which
form individual star clusters. In §3 we compare our results to
observations of star formation in the Milky Way and nearby
galaxies; the theory predicts a large spread in the apparent star
formation rate in GMCs, and a flatter mass distribution of star
clusters compared to star forming clumps. In §4 we compare
our results with recent numerical simulations, and we briefly
discuss the effects of vorticity, arguing that they do not limit
the rate of accretion on to dense clumps. Finally, we close
with our conclusions.
2. BONDI ACCRETION IN GIANT MOLECULAR CLOUDS
Simulations of supersonic turbulence suggest that it pre-
vents gas from rapidly fragmenting and turning into stars on
the local dynamical time (Padoan 1995; Klessen et al. 2000;
Li et al. 2004). Based on these and similar results, numerous
authors have suggested that, over the local dynamical or free
fall time, only a small fraction of the gas in a given region
is turned into stars (Padoan 1995; Krumholz & McKee 2005).
In particular, if the mean density in a region is ρ¯, the local
free-fall time is
τff ≡
√
3π
32Gρ¯ . (4)
Then the star formation rate is given by
dM∗
dt = ǫff
Mg
τff
, (5)
with ǫff ≈ 0.017. While we are agnostic about the applicabil-
ity of this prescription, we will adopt it here.
We now show that the local star formation rate given by
Equation (5) does not limit the overall rate of star formation in
GMCs very significantly. This results from two facts; first, for
dense enough clumps, the star formation timescale is shorter
than ǫff times the free-fall time of the GMC, and second, star
forming clumps control the dynamics of the gas in their vicin-
ity through their gravity, as we now show.
GMCs are observed to harbor both massive gas clumps and
massive star clusters. For example, in the Milky Way, the
most massive GMCs have MGMC ≈ 3× 106M⊙ and RGMC ≈
100pc, e.g., Bronfman et al. (1988); Grabelsky et al. (1988).
These massive GMCs contain dense clumps with Mcl ≈
104M⊙ (Simon et al. 2001; Wu et al. 2010) and star clus-
ters with similar or larger masses (Murray & Rahman 2010).
We show that the masses of these gas clumps initially grow
slowly, but the growth rate then accelerates rapidly, so that,
left unchecked, the largest clump would consume the GMC
in a few τff.
Consider a giant molecular cloud of radius RGMC and mass
MGMC, which we will assume is near virial equilibrium. The
velocity on the scale RGMC is vGMC =
√
GMGMC/RGMC, while
the turbulent velocity inside the cloud is given by
vT (r) = vGMC
(
r
RGMC
)p
(6)
where p ≈ 1/2, by one of Larson’s laws (Larson 1981;
Solomon et al. 1987). In the most massive Milky Way GMCs,
vT (RGMC) = vGMC ≈ 6km s−1; in more rapidly star forming
galaxies such as the z = 2 galaxy BX 482, vGMC ≈ 50km s−1.
Now consider a clump embedded in the GMC with a total
mass Mcl (including a stellar mass M∗) and radius rcl. The
gravity of the cluster controls the flow of the surrounding gas
out to the Bondi radius (Bondi 1952)
rB =
GMcl
v2T (rB)
. (7)
Solving for rB,
rB =
(
Mcl
MGMC
)1/2
RGMC = µ1/2RGMC, (8)
where we have definedµ≡Mcl/MGMC. The turbulent velocity
at the Bondi radius is
vT (rB) = µ1/4vGMC. (9)
The associated Bondi accretion rate is
M˙B = 4πr2BvT (rB)ρ. (10)
The density ρ is a function of position inside the GMC. As-
suming spherical symmetry, the literature contains suggested
functions of the form
ρ(r) = Cρ¯
(
RGMC
r
)β
, (11)
where C = (3 −β)/3, and ρ¯ ≡ 3MGMC/(4πR3GMC) is the mean
density of the GMC. We will consider the case of β = 0 (con-
stant density), 1, and 2 (isothermal distribution).
It is likely that clumps form where gas flows shock and sub-
sequently cool. While such shocks can occur anywhere in
the interior of the GMC, there is some observational evidence
that star clusters may be biased toward the centers of GMCs,
e.g., HII regions are centrally concentrated in their host GMCs
(Scoville et al. 1987). We will simply assume that our clump
forms at a distance Rcl from the center of the GMC.
2.1. Constant density GMCs
For a constant density cloud (β = 0), the position of the
clump does not affect the accretion rate (so long as the Bondi
radius of the clump does not exceed the distance to the surface
of the GMC) so we will focus on this case first. The accretion
rate is then
M˙Bondi =
3π
2
√
2
µ5/4
MGMC
τGMC
, (12)
where τGMC is the free-fall time of the GMC.
STAR FORMATION IN MASSIVE CLUSTERS 3
Milky Way GMCs often have many such clumps over a
ranges of masses (see for instance Simon et al. 2001). We
focus on the largest clump because the M5/4cl dependence on
the growth rate in Equation (12) implies that the largest clump
also grows the fastest. We assume that clumps are born with
an initial mass M0 = δǫffMGMC, and that the sum of all the
gravitationally bound clumps produced over a free-fall time
is ∼ ǫffMGMC, i.e., that the sum over clumps Σδ = 1.
The time evolution of the mass of an individual accreting
clump is given by
Mcl(t) = M0
[
1 −
3π
8
√
2
t
τGMC
(
M0
MGMC
)1/4]−4
. (13)
The denominator in Equation (13) vanishes at a finite time;
before that happens, the GMC is consumed, after a time
tfinal =
8
√
2
3π
[(
MGMC
M0
)1/4
− 1
]
τGMC (14)
≈ 3.5
(
δ
0.2
)
−1/4( ǫff
0.02
)
−1/4
τGMC. (15)
We interpret tfinal as a hard upper limit on the lifetimes of
GMCs; it is the time it takes the clump to completely ac-
crete the GMC. While this calculation ignores both angular
momentum considerations and feedback processes, we argue
below that the GMC will be disrupted by stellar feedback be-
fore tfinal is reached and that angular momentum does not play
a significant role.
2.1.1. Star Formation in Bondi Clumps
The discussion in the previous section follows the evolution
of a clump as it accretes gas from its parent GMC over several
τGMC. Now we refine our picture, and discuss the evolution of
stellar mass in the clump. The clump mass is divided into
stars and gas; we denote the stellar mass as M∗, and we define
the gas fraction
fg ≡ Mcl − M∗Mcl . (16)
We use the star formation law from Equation (5),
dM∗
dt = ǫff
fgMcl
τcl
, (17)
where τcl is the free-fall time of the cluster. The free-fall time
of the cluster is given by
τcl =
√
3π
32Gρcl
= τGMC
√
(Rcl/RGMC)3
µ
. (18)
It is useful to re-scale all the cluster masses (total, stellar,
and gas) by the GMC mass, so in addition to µ = Mcl/MGMC,
we have µg = fgµ and µ∗ = M∗/MGMC. The evolution equa-
tions of the gas and the stars are then given by
µ˙∗ = ǫff
µg
τcl
, (19)
µ˙g = µ˙− ǫff
µg
τcl
. (20)
Combining Equations (16) and (20) we have
d fg
dt = (1 − fg)
µ˙
µ
− ǫff
fg
τcl
. (21)
We can look for a fixed point of the last equation by setting
the left-hand side of this equation to zero:
fg,fixed = 11 + g(µ) , (22)
where
g(µ)≡ 2
√
2
3π ǫff
(
RGMC
rcl(µ)
)3/2
µ1/4. (23)
We have called fg,fixed a fixed point, although it is only fixed
if µ is a constant. In fact, µ˙/µ ∼ µ1/4 is an increasing func-
tion of time, so Equation (22) does not give the instantaneous
value of fg. As the cluster grows µ will increase, resulting in
a change in fg∗. The actual value of fg will be slightly differ-
ent than fg∗, with the magnitude of the off-set controlled by
the ratio of the star formation time (from Equation (5)) to the
clump accretion time (from Equation (10)).
It is easy to show that this psuedo-fixed point is an attrac-
tor, in the sense that if fg is initially smaller than fg∗ the gas
fraction will increase, approaching fg∗ asymptotically, while
fg will decrease if it is larger than fg∗.
2.1.2. The mass radius relation for clumps
In order to integrate Equations (10) or (12), (19), and (20),
we need to know τcl, which requires knowledge of the mass-
radius relation for massive clumps in GMCs. We have not
been able to find much information in the literature, so as a
proxy we use the mass-radius relation for young star clusters,
under the assumption that the radius of such clusters reflects,
to some extent, the radius of the parent gas clumps.
The half light radii of star clusters (Walcher et al. 2005;
Murray 2009; Scheepmaker et al. 2009) and the effective radii
of clumps (Simon et al. 2001) have characteristic values of
1 − 3pc for masses below 106M⊙ so we adopt a fiducial value
of 1pc. More massive star clusters have radii given by (see
Murray 2009)
rcl(Mcl)≈ 1
(
Mcl
106M⊙
)3/5
pc. (24)
These relations are clearly very rough approximations; bet-
ter observational data on the mass-radius relation for massive
clumps in GMCs would be of great value.
Taking parameters from observed massive star clusters, we
find that g(µ) ranges from a minimum value of g(µ) ≈ 0.1
for low mass (103M⊙) clusters in 30 − 100pc, 105 − 106M⊙
GMCs in local galaxies up to a maximum value of g≈ 50, for
106M⊙ clusters in the RGMC = 1kpc, 108M⊙ GMCs in high
redshift star forming galaxies. The corresponding limits for
the gas fraction are 0.02 . fg,fixed . 0.9.
2.1.3. Low mass star clusters in local galaxies
The result of integrating Equation (21) for a cluster with
Mcl < 106M⊙ in a 106M⊙, RGMC = 100pc GMC is illustrated
in Figure 1. This shows the result of two numerical integra-
tions, one with an initial gas fraction of one, and a second
with an initial gas fraction of zero. The dashed line shows
fg,fixed(µ); the fact that both numerical integrations converge
to a value slightly above fg,fixed shows both that Equation (21)
has an attractor, and that fg,fixed is a good approximation for
that attractor. Since rcl is taken to be fixed, g(µ) is mono-
tonically increasing, but it never exceeds unity, so fg(µ) is
monotonically decreasing and rather featureless.
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FIG. 1.— The gas fraction of an accreting clump plotted as a function of the
ratio of clump mass to GMC mass, µ. The upper solid line shows the result
of starting with a pure gas clump, while the lower solid line shows the result
of starting with a purely stellar clump. The two lines rapidly converge as the
clump mass grows. The dashed line shows the approximate fixed point gas
fraction fg∗ given by Equations (22) and (23), which applies in the limit of a
very slowly growing clump µ˙ << 1.
Note that fg varies slowly with µ, only by a factor of 2 (af-
ter the initial transient), while µ varies by nearly two orders
of magnitude. This shows that the star formation rate traces
the clump mass accretion rate. In other words, the star forma-
tion rate is set by the clump accretion rate rather than by the
properties of the local turbulence.
2.1.4. Massive star clusters
For Mcl > 106M⊙, the clump radius grows with increasing
mass. In this case, g(µ) decreases with increasing µ, so that
fg increases. Hence, the star formation rate lags behind the
Bondi accretion rate. However, 1 − fg ≈ g(µ) is never very
small, as noted above, so the star cluster mass is always a
substantial fraction of the clump mass – both increase rapidly
as t → tfinal. Once again, the star formation rate is set by the
clump mass accretion rate rather than by turbulence.
In Figure 2, we plot the evolution of a Bondi clump accret-
ing from a constant density GMC, where MGMC = 107M⊙ and
RGMC = 100 pc. We show the total (solid line), stellar (dashed
line) and gas (dotted line) mass fractions for the Bondi clump.
For most of the lifetime of the clump, it remains small. How-
ever it grows rapidly at late times, consuming the GMC after
∼ 4τGMC ≈ 19Myr, in line with our expectations for tfinal. We
also track the stellar and gas mass separately and note the dif-
ference in behavior for µ∗ < 0.1 (M∗ < 106M⊙) and µ∗ > 0.1
(M∗ > 106M⊙). Initially the stellar mass tracks the clump
mass very closely. Beyond M∗ > 106M⊙ the stellar mass still
tracks the clump mass, but not as closely as in the fixed rcl
regime. This is especially evident in the kink in µg.
2.2. Clump growth by Bondi Accretion: General Case
We now consider the case of a clump located away from
the center of a non-uniform GMC. Suppose the clump is a
distance Rcl away from the center.4 If Rcl ≫ rB, then our pre-
vious discussion holds – the clump accretes from a (locally)
4 Note the difference between Rcl and rcl. Rcl defines the radial position of
the clump in the GMC, while rcl defines the size of the clump.
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FIG. 2.— The total (solid line), stellar (dashed line), and gas (dotted line)
mass fraction of a clump undergoing Bondi accretion, plotted as a function
of t/τGMC . The mass and radius of the host GMC are MGMC = 107M⊙ and
RGMC = 100pc. The dynamic time of the GMC is τGMC = 4.5Myrs. We
ignore the effects of stellar feedback. The clump experiences a long period
of quiescience, which is followed by a period of rapid growth. The stellar
mass initially tracks the clump mass very closely, but for M∗ > 106M⊙ (at
t/τGMC ≈ 3.3), the star formation rate grows less quickly than the accretion
rate, so the stellar mass stops tracking the clump mass so closely. This is most
easily seen by the change in slope of µg(t). This change in behavior is due
to the change in the clump mass-radius relation, which we have assumed is
constant for star clusters with M∗ < 106M⊙, but has radius increasing with
mass for M∗ > 106M⊙.
nearly uniform medium. If we relax this assumption, the den-
sity depends on the position at the surface of the Bondi sphere.
Recall that we assume a density profile of the GMC given by
ρ(r) = ρ0
(
r/RGMC
)
−β
.
We choose a second coordinate system centered on the
clump, with the center of the GMC located on the z-axis a
distance Rcl away. A point on the surface of the Bondi sphere,
described by the second coordinate system (rB,θ,φ) lies a dis-
tance r(rB,θ,φ) from the center of the GMC, where
r(rB,θ,φ) =
√
r2B + R2cl + 2rBRcl cosθ. (25)
We assume that the turbulent velocity is homogeneous and
isotropic, unlike the density. Using this assumption, the mass
accretion rate is:
M˙ =
∫
r2Bd cosθdφρ(r(rB,θ,φ))r2BvT(rB)
=
(3 −β)ΩGMC
2
MGMCµ5/4
×
∫ 1
−1
d cosθ
(
Rˆ2cl + Rˆ
2
B + 2RˆclRˆB cosθ
)
−β/2
, (26)
where RˆB = rB/RGMC =
√
µ, ΩGMC = τ
−1
GMC, and Rˆcl =
Rcl/RGMC. Performing the integral over cosθ, we find
µ˙=
(3 −β)ΩGMC
2(2 −β)Rˆcl
µ3/4×[(
Rˆ2cl +µ+ 2Rˆcl
√
µ
)1−β/2
−
(
Rˆ2cl +µ− 2Rˆcl
√
µ
)1−β/2]
,(27)
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for β 6= 2 and
µ˙ =
(3 −β)ΩGMC
2Rˆcl
µ3/4 log
(
Rˆ2cl +µ+ 2Rˆcl
√
µ
Rˆ2cl +µ− 2Rˆcl
√
µ
)
, (28)
for β = 2.
Equations (27) and (28) define the evolution of an accreting
clump at a position Rcl. We note that Equation (27) reduces to
µ˙ = 3αρΩGMCµ5/4Rˆ−βcl
[
1 + O(µ3/2)
]
(29)
for rB << Rcl, which we recognize as Equation (12), where
the background density is set by the position of the clump. A
similar limiting form is found from Equation (28).
It is straightforward to integrate Equations (27) and (28),
along with Equations (19) and (20). The results are shown
in Figures 2 (for ρ(r) = const., i.e., β = 0) and 3 for β = 1
(left hand panel) and β = 2 (right hand panel). Here, we show
the total (solid line), stellar (dashed line) and gas (dotted line)
mass fractions for the various Bondi clumps. For β 6= 0 we
present integrations at three example radii, Rˆcl = 0.1 (black
lines), 0.3 (blue lines), and 0.5 (red lines), to demonstrate that
the clump mass accretion rate depends rather sensitively on
the position of the clump in the GMC.5
Clumps in centrally concentrated GMCs exhibit rapid
growth. This is shown by the Rˆcl = 0.1 curves (solid lines)
of Figure 3. As we have already discussed, the high densities
of these central regions lead to rapid growth, in which the en-
tire GMC is accreted in a single (mean) GMC free-fall time
τGMC.
Clumps that are significantly off-center, i.e., Rˆcl = 0.3 and
0.5, behave more like the constant density GMC case. There
is a period of slow growth, followed by a period of rapid
growth. However, because these host GMCs are more cen-
trally concentrated than a constant density GMC, the time it
takes an off-center clump to accrete a substantial fraction of
the host GMC mass is less than that seen in the constant den-
sity GMC by a factor of a few, when measured in units τGMC.
The division between “small” and “large” Rˆcl depends on
the (initial) Bondi radius of the clump; since we are using
µ = 0.003, the initial Bondi radius is 0.06, so Rˆcl = 0.1 is at the
transition between rapidly accreting clumps and more slowly
accreting clumps.
3. COMPARISON TO OBSERVATIONS
3.1. Bondi Clumps and the observed rate of star formation in
GMCs
These results suggest a robust story for star formation in
GMCs, independent of the host GMC density profile. First,
much of the star formation happens in the most massive (or
the few most massive) cluster(s). Second, most of the star
formation occurs near the end of the GMC’s lifetime. We
expect that this rapid burst of star formation is stopped by the
disruption of the host GMC.
Finally, the star formation rate is very different in GMCs
than one would expect in models of star formation which es-
sentially extend the Kennicutt relation (Equation (2)), valid
on galactic scales, to the scale of individual GMCs, and as-
suming that the star formation rate follows a Poisson process
5 In Figure 3, we have not included a Rˆcl = 0 curve because it is nearly
traced out by the Rˆcl = 0.1 curve.
over the entire cloud given by Equation (5) with random val-
ues of η that average to η ≈ 0.02, and where the cluster mass
is determined by the random confluence of turbulent statistics.
Rather, in the scenario proposed here, turbulence gener-
ates clumps which subsequently grow by accretion. These
clumps then experience runaway growth until stellar feedback
ultimately unbinds the GMC, arresting the growth of all the
clumps. This story highlights the importance of feedback on
capping the ultimate star formation efficiency of roughly 10%
in the Milky Way.
To make observational contact, we calculate distribution of
observed star formation rates in GMCs in our model. The
star formation rate in a given GMC is driven primarily by the
age of that GMC. Given a collection of GMCs with randomly
distributed ages, the observed SFR distribution is simply the
star formation rate as a function of GMC age convolved with
the distribution of GMC ages. Very roughly, the likelihood
of finding a GMC with a star formation rate in a given range
is proportional to the length of time the most massive clump
spends in the relevant mass range.
In the upper panels of Figure 4, we show the histogram of
star formation efficiencies per free-fall time ηff,G for ηff,G >
10−4. For β 6= 0 (middle and right panels), we show the cases
for Rˆcl = 0.1 (blue solid line), 0.3 (green dotted line) and 0.5
(red dashed line). These panels shows that a GMC spends
most of its life at a very low ηff,G . 0.02, but a significant
portion of its life is spent at larger ηff,G ≈ 0.1. This is seen
most clearly in the cumulative probability distribution in the
lower panels of Figure 4. For instance, in the β = 0 case, half
of the lifetime of a cloud is spent at ηff,G . 0.015. However,
10% of the lifetime of the cloud is spent at ηff,G > 0.1, with a
maximum ηff,G = 0.16.
For more centrally concentrated GMCs, the fraction of
GMC lifetime spent at large ηff,G become more pronounced.
Indeed for, β = 1 and r = 0.1, the GMC spends half its life with
ηff,G & 0.08, and ∼ 10% of its life is spent with ηff,G ≈ 30%.
The wide range in ηff,G of the Bondi accretion model is con-
sistent with the observed range in ηff,G = 0.002 to 0.2 in Galac-
tic GMCs (Murray 2011). Moreover, Murray (2011) found
that GMCs with ηff,G ≈ 0.2 are in the act of being disrupted.
This is consistent with the notion that stellar feedback at high
ηff,G caps both the maximum star formation rate and the life-
time of GMCs.
We note that these observations are less consistent with
models where global turbulent statistics set the SFR (Padoan
1995; Krumholz & McKee 2005); in these models ǫff = η =
ηff,G ≈ 0.017. Namely, for a turbulence-limited SFR, the val-
ues of η can be expected to be roughly a factor of 3 above and
below the average value of η ≈ 0.02. However, the measure
values of ηff,G in our galaxy range up to ≈ 10ǫff or higher. It
is possible that this is merely a random conspiracy of turbu-
lent statistics, but we would argue that accretion onto clumps
gives a clearer picture of how such high SFRs are achieved.
3.2. The effect of accretion on the mass spectrum of clumps
The mass spectrum of both clumps and star clusters is gen-
erally fit by a powerlaw distribution,
dNcl
d lnm = A
(m0
m
)α−1
, (30)
with α≈ 1.5 − 2, e.g., Kennicutt et al. (1989). If, as we argue,
clumps undergo a period of rapid growth, and that more mas-
sive clumps grow more rapidly, will an initial power law dis-
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FIG. 3.— Mass fraction, stellar fraction, and gas fraction of the clump as a function of time for β = 1 (left), and 2 (right) for a GMC with MGMC = 106M⊙. We
show Rˆcl = 0.1 (black lines), 0.3 (blue lines), and 0.5 (red lines). For a clump growing near the center (r = 0.1), note that the clump consumes the entire GMC is
≈ 1.5τGMC for β = 1 and 0.5τGMC for β = 2. Clumps that are off center grow slower, but even slowest growing clump consumes the entire GMC in 3.5(1.5)τGMC
for β = 1 (β = 2). For off-center clumps (r = 0.3 or larger), which, as noted below Equation (28) reduces to the β = 0 case, the clump experiences a long period
of quiescience, followed by a period of rapid growth, but the period over which growth occurs is much shorter than in the β = 0 case. In these cases, we have not
included a Rˆcl = 0 curve because it is nearly traced out by the Rˆcl = 0.1 curve.
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FIG. 4.— Upper panels: histogram of star formation rates over the lifetime of the GMC for β = 0 (left), 1 (center), and 2 (right). Values of ηff,G ≡
τGMCM˙∗/MGMC below 10−4 are discarded. Lower panels: Cumulative histogram of star formation rates ηff,G over the lifetime of the GMC for β = 0 (left),
1 (center), and 2 (right). The star formation rate is low for the majority of the lifetime of the GMC, but a sizeable fraction of a GMC’s life is spent at ηff,G & 0.1.
That fraction increases with increasing central concentration, i.e., β = 1 and 2. In both the upper and lower panels, we show the cases of Rˆcl = 0.1 (blue solid
line), 0.3 (green dotted line) and 0.5 (red dashed line) in the middle (β = 1) and right (β = 2) panels.
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FIG. 5.— The cumulative clump mass distribution function N(> m). The
red solid points, connected by a solid line, show the initial clump mass dis-
tribution function, while the blue points (connected by a dashed line) show
the clump mass distribution function at the point when the host GMC is dis-
rupted. The initial slope is α = 1.9, while the final slope is α = 1.7. The initial
total clump mass is 0.03MGMC, the final total clump mass is 0.13MGMC .
tribution result in a final distribution of clumps (or star clus-
ters) that is also a power law?
Equation (13) shows how to map an initial clump mass into
a final clump mass, given the age of the clump when accretion
stops. We can map an initial clump mass function into a final
clump mass function (when the host GMC is disrupted) by
assuming a distribution of clump formation times. We work
backwards from the time when the largest clump (or the com-
bined effects of all the clumps) disrupts the GMC, when the
largest clump has a given age. We then assume a Gaussian
distribution of clump formation times with a mean equal to
that of the largest cluster. To be definite, we assume that the
largest cluster has a final mass of ∼ 5% of that of the host
GMC when the latter is disrupted. We also fix the number
of clusters to be in the range 20-50, with total initial mass of
0.001MGMC. We consider cases with 1.5 < α < 2.
Figure 5 shows a typical result. The change in the power
law slope α is ∆α ∼ 0.3, e.g., if α = −2.0 for the initial dis-
tribution of clump masses, the final least squares fit (when
the total stellar mass is ∼ 0.1MGMC ) is α = 1.7. More gen-
erally, we find ∆α ≈ 0.3 for a range in the inital slopes
1.5 < α < 2.0.
4. DISCUSSION
4.1. Bondi Clumps in Numerical Simulations
Recent simulations (Vázquez-Semadeni et al. 2009, 2010)
are consistent with our picture of star cluster formation. These
authors studied the fragmentation of supersonically turbu-
lent molecular gas into star-forming clumps (clouds in their
nomenclature) and the subsequent evolution of these clumps.
In their simulation, star-forming clumps occur when transonic
converging flows in diffuse warm gas cause that gas to be
rapidly transformed to cold dense material. This cold gas,
which is in an initial pancake-like structure, collapses into fil-
aments, and then to clumps. Their major result is that these
star-forming clumps continue to accrete material from the
background GMC at a high rate through the filaments.
Accretion via filaments is also seen in smaller scale simula-
tions (Banerjee et al. 2006). In these simulations the collapse
of a Bonner-Elbert sphere supported by supersonic turbulent
motions is followed. The sheet-like and filamentary struc-
tures that arise from the collisions of supersonic eddies lead
to regions of very high density which collapse into protostel-
lar clumps (disks and protostars). These authors found that
the clumps continue to accrete material from the filaments at
a very high rate, such that massive stars could form in a few
thousand years. Indeed the accretion rate from filamentary
accretion was a factor of 103 times larger than what would be
expected from collapse of a singular isothermal sphere. This
discrepancy arises from the assumption that the accretion pro-
ceeds at the sound speed of the cold material; this sound speed
is smaller than the velocity needed to support an isothermal
sphere of the type (Banerjee et al. 2006) simulated, since their
clouds were supported by supersonic motions.
In both sets of simulations just described, clumps are pro-
duced in regions where transonic converging flows occur.
Even in the absence of gravity from the newly formed clump,
these convergent large scale motions will enhance the accre-
tion rate of the clump relative to the rate that would be ex-
pected from a similar mass clump placed at random in the
simulation. We argue, however, that as the clump grows, the
expanding gravitational reach of the clump will direct larger
and larger amounts of gas to collapse onto the sheets and fila-
ments, and thence onto the clump, yielding the accretion rates
we have calculated. Testing this process by employing both
gravitating and non-gravitating sink particles in large scale
turbulence simulations is a subject of our ongoing work.
4.2. The Effect of Vorticity
So far we have ignored the possible role of angular momen-
tum or vorticity in limiting the rate of accretion onto clumps.
If the accreting gas carries a substantial amount of angular
momentum, it may become rotationally supported at radii
larger than the ∼ pc scale at which we assume star forming
clumps are born. If this were to happen, i.e., if the circulariza-
tion radius rcirc of the accreting gas is larger than rcl, the rate
of star formation would be suppressed relative to the rates we
have calculated.
We now argue that vorticity does not play a role in the for-
mation of star clusters inside GMCs in local galaxies.
Observational estimates of the angular momentum of
GMCs start from measurements of the velocity gradient ∇v
across the cloud, e.g., Rosolowsky et al. (2003), and assume
Ω ≡ |∇v|. As these authors note, strictly speaking this is an
upper limit to Ω, since |∇v| contains contributions from non-
rotational motions. The measurements suggest that Ω(r) ≈
const., i.e. the vorticity (∇× v) is constant, or equivalently,
that specific angular momentum j(r) of a parcel of gas at ra-
dius r scales as j(r) = j(RGMC)(r/RGMC)2.
We characterize the rotation of the GMC by the parameter
γ ≡ RGMC|∇v|
vGMC
. (31)
Then
j(r) = γRGMCvGMC
(
r
RGMC
)2
. (32)
We assume that j does not change during the core accretion
process, from its initial radius (the Bondi-Hoyle radius rB)
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to the circularization radius rcirc, so that the circularization
radius of a parcel of gas initially at radius r accreting onto a
clump of mass Mcl is given by j(r) =
√
GMclrcirc. We require
that rcirc < rcl, the cluster radius, leading to the critical value
of the parameter γ for a GMC with ρ(r)∼ r−β (c.f. Equation
(11)) of
γcrit = µ
−(1+β)/2(3−β)
√
rcl
RGMC
. (33)
If a GMC has γ ≤ γcrit, then gas will accrete onto a cluster
of radius rcl before the gas becomes rotationally supported,
and the accretion can be described by Equation (10). Obser-
vations of GMCs in M33 find typical values RGMC ≈ 23pc
(Rosolowsky et al. 2003); scaling to µ = 0.1 and β = 1, we
find γcrit = 0.66(0.1/µ)1/2(rcl/1pc)1/2. Typical values for
the specific angular momentum of GMCs in M33 are j ≈
22pckm s−1, corresponding to γ ≈ 0.17. Since γ < γcrit it
follows that clusters in M33 GMCs can grow to ∼ 10% of the
host GMC mass before vorticity begins to affect the accretion
process. The situation is similar in M31, with RGMC ≈ 34pc
(Rosolowsky 2007), leading to γcrit = 0.55(0.1/µ)1/2, while
the observed value is γ ≈ 0.28. Thus, we conclude that vor-
ticity in GMCs is unlikely to limit the rate of accretion onto
self-gravitating clumps, and hence the rate of star formation.
5. CONCLUSIONS
We have argued that star formation in turbulent GMCs,
which is observed to occur in massive dense clumps, is
in fact controlled by the properties of accretion onto those
clumps. We start by assuming that the turbulence generates
shocks, which form filaments and subsequently massive dense
clumps. These turbulently generated clumps act as the initial
conditions for the subsequent gravitationally dominated ac-
cretion phase. We then used the observed properties of the
internal gas motions in GMCs (Larson’s law, vT (l) ∼ l1/2) to
modify the Bondi argument for the accretion rate of a mas-
sive dense clump embedded in that gas; for a clump located
slightly away from the center of the GMC with a non-uniform
density distribution, or for a uniform density GMC, that rate
is given by Equation (29). Left to their own devices, these
clumps can accrete all the gas in the GMC in only a few GMC
free-fall times.
We then showed that the star formation rate in an individual
dense clump tends to track the mass accretion rate. The gas
fraction in the cluster approaches a psuedo-fixed point, given
by Equation (22).
The model predicts that the distribution of star formation
rates in GMCs should peak at low values ηff,G . 0.01, but
that there is a substantial tail to high star formation rates,
with ηff,G & 0.1, i.e., ten percent of the GMC is converted
to stars in a single GMC free-fall time. This is in contrast
to theories of turbulence regulated star formation, but agrees
with recent measurements of ηff,G on small spatial scales, e.g.,
Schruba et al. (2010), which show a broad distribution. A sec-
ond prediction of the model is that the star cluster mass func-
tion is flatter (has a smaller index α in Equation (30)) than the
mass function of clumps, though it is still relatively close to
the initial clump mass function. These aspects of our model,
i.e., the broad distribution in star formation rates, the associ-
ation of the largest star formation rates with the largest star
clusters and GMC disruption, and a star cluster mass function
with a power law slope of around α ∼ 1.5 − 2, are in broad
agreement with observations.
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